In this study, we apply an alternative variational iteration method to solve the timefractional Fornberg-Whitham equation. A comparison between the results obtained using the alternative variational iteration method and known results obtained with the variational iteration method demonstrates that the proposed method is highly effective and convenient. The fractional derivatives are described in the Caputo sense. Numerical results are presented for different specific cases of the problem.
improves the speed of convergence in an effective manner [28] . Geng et al. proposed the piecewise VIM for solving Riccati differential equations [29] . The solutions obtained using the piecewise VIM provided good approximations for a larger interval, rather than in the local vicinity of the initial position. Ghorbani and Saberi-Nadjafi modified the VIM by constructing an initial trial function without unknown parameters [30] .
There are many modifications of VIM, which are particularly suitable for fractional differential equation. He and Li proposed a fractional complex transform to convert some types of fractional partial differential equations with modified Riemann-Liouville derivatives (or Jumarie's derivative) into partial differential equations [31] . Wu and Lee proposed a fractional VIM with Jumarie's derivative for solving space and time fractional partial differential equations in [32] . Recently, local fractional VIM algorithms have been proposed by Yang et al. [33] [34] [35] [36] [37] .
Odibat and Momani applied the VIM to fractional differential equations in fluid mechanics [38] . Wu used the Laplace transform in the determination of the Lagrange multiplier with VIM to solve the time-fractional heat equation [39] . Wu and Baleanu obtained the Lagrange multiplier in a more accurate manner and proposed some new variational iteration formulae [40] . Hristov applied the VIM with Wu's multiplier to a fractional Bernoulli equation that arises during transient conduction with a nonlinear heat flux at the boundary [41] . Singh et al. obtained an approximate solution of the fractional Fornberg-Whitham equation using the homotopy perturbation transform method [42] . Sakar et al. applied the VIM to obtain an approximate solution to the time-fractional Fornberg-Whitham equation [43] . Gupta and Singh applied the homotopy perturbation method to the fractional Fornberg-Whitham equation [44] . Recently, Sakar and Erdogan applied the homotopy analysis method and Adomian's decomposition method to the time-fractional Fornberg-Whitham equation [45] .
In the present study, we aim to extend the application of the alternative VIM (AVIM) proposed by Odibat [46] to the solution of nonlinear partial differential equations with a time-fractional derivative, which is characterized by a long-term memory effect. In particular, we consider the time-fractional Fornberg-Whitham equation using the AVIM. Thus, some approximate analytical solutions for standard motion and different fractional Brownian motions are obtained using suitable initial conditions.
We consider the nonlinear time-fractional Fornberg-Whitham equation by the AVIM, 
which is used in the qualitative studies of the behavior of breaking waves [47] . This admits a wave with the greatest height as a peaked limiting form of the traveling wave solution, uðx; tÞ ¼ AexpðÀ1=2jx À 4=3tjÞ, where A is an arbitrary constant [48] . The existence and the uniqueness of the solutions were proved previously [49, 50] .
Fractional calculus
Fractional calculus unifies and generalizes the notions of integer-order differentiation and n-fold integration [1] [2] [3] . We provide some basic definitions and properties of fractional calculus theory, which we use in this study. Definition 2.2. The Riemann-Liouville fractional integral operator of order a P 0 for a function f 2 C l ; l P À1 is defined as:
The properties of the operator J a can be found in [1] [2] [3] and we only mention the following. For f 2 C l ; l P À1; a; b P 0, and c P À1: 3. An alternative VIM approach
In [46] , Odibat proposed an AVIM. In this section, we present another alternative VIM approach:
LuðtÞ þ NuðtÞ ¼ gðtÞ; t > 0; ð4Þ
N is a nonlinear operator, and gðtÞ is a known analytic function, subject to the initial conditions:
where c k are real numbers. According to the VIM, we can construct the correction functional for Eq. (4) as follows:
where kðsÞ is a general Lagrange multiplier, which can be identified optimally by variational theory. In general, we obtain the following Lagrange multipliers:
Therefore, by substituting (9) into the functional (6), we obtain the following iteration formula: 
Now, we define the operator A½u as: 
and we define the components v k ; k ¼ 0; 1; 2; . . ., as,
Consequently, we have uðtÞ ¼ lim
Therefore, the solution to problem (4) can be derived using (9) and (10) in the series form: 
where m À 1 < a 6 m; m 2 N; N is a nonlinear operator, gðx; tÞ is a known analytic function, and 
where f k ðxÞ are real numbers. In [38] , a general framework was presented for the VIM for fractional partial differential equations. In this framework, the solution uðx; tÞ ¼ lim n!1 u n ðx; tÞ to problem (12) 
where 0 < a 6 1 and J a t is the Riemann-Liouville fractional integral operator of order a > 0.
In our framework, based on the AVIM [46] , we can obtain the variational iteration solution: uðx; tÞ ¼ P 1 k¼0 v k ðx; tÞ, using the following iteration formula for m À 1 < a 6 m:
which converges to the solution of problem (12) if 0 < c < 1 exists such that kv kþ1 k 6 ckv k k, 8k 2 N [ f0g.
Convergence analysis
In this section, we focus on the convergence of the variational iteration method when applied to problem (4) according to the AVIM presented in the previous section. We present the sufficient conditions for the convergence of the method and the error estimate.
Theorem 1 [46] . Let A, which was defined in (9), be an operator from a Banach space BS to BS. The series solution uðtÞ ¼ P 1 k¼0 v k ðtÞ, as defined in (11), converges if 0 < c < 1 exists such that
ði:e: kv kþ1 k 6 ckv k kÞ; 8k 2 N [ f0g.
Theorem 1 is a special case of the Banach fixed point theorem, which was used in [51] as a sufficient condition to study the convergence of the VIM for some partial differential equations.
Theorem 2 [46] . If the series solution uðtÞ ¼ P 1 k¼0 v k ðtÞ defined in (11) converges, then it is an exact solution of nonlinear problem (4).
Theorem 3 [46] . We assume that the series solution P 1 k¼0 v k ðtÞ defined in (11) is convergent to the solution uðtÞ. If the truncated series P j k¼0 v k ðtÞ is used as an approximation to the solution uðtÞ of problem (4), then the maximum error, E j ðtÞ, is estimated as:
If for every i 2 N [ f0g, we define the parameters, Table 1 Absolute errors in the differences between the exact solutions obtained using Eq. (20) and the fifth-order AVIM solution for a ¼ 1. 
then the series solution P 1 k¼0 v k ðtÞ of problem (4) converges to an exact solution, uðtÞ, when 0 6 b i < 1; 8i 2 N [ f0g. Moreover, as stated in Theorem 3, the maximum absolute truncation error is estimated as uðtÞ À P 1
. . . ; jg.
Solution to the problem
We consider the following time-fractional Fornberg-Whitham equation, 
We remark that the exact travelling wave solution to the above initial value problem for the special case where a ¼ 1 was
given by [43] .
uðx; tÞ ¼ 4 3 e 
Based on (15), the iteration formula for problem (18) can be constructed as:
where J a t is the Riemann-Liouville fractional integral operator of order a with respect to the time variable t. Using the above iteration formula, we obtain the following successive approximations, Table 2 Comparison of the exact solutions obtained with the fifth-order AVIM and the VIM solution for a ¼ 1. 
. . . where the values of b i are also less than one, for i P 1 and 0 < t 6 1. This confirms that the variational approach to nonlinear (18) converges to the exact solution. Finally, we approximate the solution as uðx; tÞ ¼ P 1 k¼0 v k ðx; tÞ.
In order to illustrate the efficiency of the AVIM, we compare the fifth-order approximation with the VIM solution and the exact solution. Table 1 shows the absolute errors for the differences between the exact solution obtained using Eq. (20) and the fifth-order AVIM solution for a ¼ 1. Tables 2 and 3 compare the exact solution obtained with the fifth-order AVIM and the VIM solution for a ¼ 1 and a ¼ 0:9. The numerical results show that AVIM performs very well for this problem, even when it is used with a low-order approximate solution u 3 ðx; tÞ. The accuracy can be improved by using higher-order approximate solutions. The numerical results for different specific cases of a are presented in Figs. 1-4. 
Conclusions
In this study, AVIM was used successfully to obtain series solution of the time-fractional Fornberg-Whitham equation. The method was used directly without employing linearization, perturbation, or restrictive assumptions. Our results show that a low number of AVIM iterations can yield good solutions. Finally, our approach can be employed to solve similar nonlinear problems related to partial differential equations of fractional order. 
